Differential Krull dimension in differential polynomial extensions  by Smirnov, Ilya
Journal of Algebra 344 (2011) 354–372Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Differential Krull dimension in differential polynomial
extensions
Ilya Smirnov 1
Moscow State University, Department of Mechanics and Mathematics, GSP-1, 1 Leninskiye Gory, Main Building, 119991, Moscow,
Russian Federation
a r t i c l e i n f o a b s t r a c t
Article history:
Received 1 February 2011
Available online 11 August 2011








Chain conditions in differential polynomial
rings
In the present paper, we investigate the differential Krull dimen-
sion of rings of differential polynomials. We prove a differential
analogue of the Special Chain Theorem and show that some im-
portant classes of differential rings have no anomaly of differential
Krull dimension.
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1. Introduction
In differential algebra, there are several ways to deﬁne the dimension of a differential algebraic
variety. For example, one can use differential transcendence degree, the Kolchin dimension polyno-
mial, the cardinality of a system of local parameters, and the differential Krull dimension. The ﬁrst
two concepts depend on the variety only, but the two latter ones have a local version, that is, the
dimension at some point. In contrast to algebraic geometry, the dimension deﬁned using a system
of local parameters has some anomalies, examples can be found in [1,2]. It is noted in [3, p. 607]
that the differential Krull dimension could be the right local concept that should be used instead of
systems of local parameters.
E-mail address: ilya.smrnv@gmail.com.
1 The work of the author was partially supported by the NSF Grant CCF-1016608.0021-8693/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2011.07.015
I. Smirnov / Journal of Algebra 344 (2011) 354–372 355One of the most important questions is whether a differential integral domain being differentially
ﬁnitely generated over a ﬁeld is differentially catenary [3, p. 608]. This question is related with the be-
havior of descending chains of prime differential ideals. Such chains were investigated in [4] and [5].
But these papers did not provide a full answer. The last deep result about differential Krull dimension
was obtained in [5] and, after this paper, there were no results in this direction because of the lack
of technique.
In the present paper, we investigate the differential Krull dimension of an extension by differ-
entially transcendental elements in the ordinary case. Even this case has not been well understood
yet.
Precisely, we study possible bounds for the differential Krull dimension of a differential polynomial
extension. The study was inspired by works of Jaffard and Seidenberg on the Krull dimension of
polynomial extensions. It should be noted that it is more diﬃcult to manipulate with differential
Krull dimension in comparison with Krull dimension. In particular, this is because differential Krull
dimension appears together with differential type and we have to deal with inﬁnite sequences of
prime differential ideals. Therefore, the classic methods used in the dimension theory of commutative
rings do not work in the differential case.
Our main results are Theorem 31 and its applications (Theorems 32 and 47 and their corollaries).
It should be noted that we prove our theorem in the ordinary case only, that is, in the case of one
derivation. The theorem is a differential analogue of Jaffard’s Special Chain Theorem [6, Théorème 3],
which is a very important result on the behavior of prime chains in an arbitrary polynomial ring (for
applications, see [7,8,6]).
Rings with a “well-behaved” dimension of extensions are called Jaffard rings, that is, rings of ﬁnite
Krull dimension with dim R[x1, . . . , xn] = R +n for all n, i.e., the minimal possible value of the dimen-
sion holds. We call the corresponding class of differential rings, with the minimal possible dimension
of extensions, as J-rings. As an application of Theorem 31, we obtained that all Jaffard rings are J-rings
if they contain rational numbers or, more generally, are standard (Deﬁnition 8) (this condition is in
some sense necessary, as Example 2 shows). Also, we proved that, under the same conditions, a dif-
ferential ring with a locally nilpotent derivation is also a J-ring. This shows that both the commutative
structure of a differential ring and properties of the derivation have an impact on the chains of prime
differential ideals of differential polynomial extensions.
The paper is organized as follows. In Section 2, we give deﬁnitions and prove basic properties of
differential Krull dimension. Most of these results hold for the case of many derivations too. Section 3
is devoted to our main result, that is, the Special Chain Theorem (Theorem 31). All technical lemmas
are proved in Section 3.1. In Section 3.2, we prove Theorem 31 and its immediate corollaries. These
results were obtained in the ordinary case only. We will discuss the reason of these limitation in
Remark 36. In Section 4, we introduce some classes of differential rings with “good” properties of
differential Krull dimension. Section 4.1 deals with -arithmetical rings; in Section 4.2, we study
locally nilpotent derivations, and, in Section 4.3, we apply the latter material and the Special Chain
Theorem to well-known classes of rings.
2. Basic deﬁnitions and properties
All rings considered in this paper are assumed to be commutative and to contain an identity
element. A differential ring is a ring with ﬁnitely many pairwise commuting derivations. An ordinary
differential ring is a ring with one distinguished derivation. An ideal of a ring is called differential
if, for each element of the ideal, its derivation belongs to the ideal. The set of all prime differential
ideals of a ring R will be denoted by Spec R and will be called a differential spectrum.
A homomorphism f : A → B , where A and B are differential rings, is called a differential homo-
morphism if it commutes with derivations. For an arbitrary differential ideal b ⊆ B , the ideal f −1(b)
is differential and is called the contraction of b. The contraction of b is denoted by bc . For an arbi-
trary differential ideal a ⊆ A, the ideal f (a)B generated by the image of a is differential and is called
the extension of a. The extension of a is denoted by ae . If q ⊆ B is a prime differential ideal, then
its contraction is a prime differential ideal. Therefore, we have the map f ∗ : Spec B → Spec A by
q → f −1(q) = qc . For a prime ideal p ⊆ A, the set ( f ∗)−1(p) is called the ﬁber over p.
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slightly modiﬁed version of the deﬁnition. Namely, we want the differential type of a differential ring
with the only prime differential ideal to be zero. This modiﬁcation does not change properties of this
dimension but makes proofs more convenient and uniform. For example, we do not need to deal with
differential rings of differential type −1 (see the deﬁnition below).
Deﬁnition 1. Let R be a differential ring and X ⊆ Spec R . There is a unique way to deﬁne the function




) ∣∣ p,p′ ∈ X, p ⊇ p′}→ Z ∪ ∞,
such that the following conditions hold:
(1) μX (p,p′) 0.
(2) μX (p,p′) = 0 if and only if either p = p′ , or there is no inﬁnite descending chain of distinct prime
differential ideals in X such that p = p0 ⊃ p1 ⊃ · · · ⊃ p′ .
(3) If d > 0 is a natural number, μX (p,p′)  d if and only if p = p′ and there exists an inﬁnite
descending sequence (pi)i=0,1,... of prime differential ideals in X such that p = p0 ⊃ p1 ⊃ · · · ⊃ p′
and μX (pi−1,pi) d − 1 for i = 1,2, . . . .
For an arbitrary subset X ⊆ Spec R , deﬁne type X to be the least upper bound of all the
μX (p,p
′), where p ⊇ p′ are elements of X , and call it the differential type of X . The differential type of
a differential ring R is the differential type of its differential spectrum and is denoted by type R . We
deﬁne the differential Krull dimension of X to be the least upper bound of n ∈ Z such that there exists
a descending chain p0 ⊃ p1 ⊃ · · · ⊃ pn of prime differential ideals in X with μX (pi−1,pi) = type R
for i = 1, . . . ,n and will denote it by dim X .
In the rest of the paper, we will mean differential Krull dimension by differential dimension. For
simplicity, we will denote μSpec R as μ.
It should be noted that, in the deﬁnition of the differential dimension of a subset X , we use
type R instead of type X for pairs of prime differential ideals. If Spec R is non-empty, type R is
well deﬁned.
Remark 2. For a differentially ﬁnitely generated algebra O over a ﬁeld, Johnson (in [5]) has proved
that, when diff tr degK O > 0, type
 O = m and dim O  am!, where a is the leading coeﬃcient of
the Kolchin polynomial for O .
Deﬁnition 3. Let p,q ∈ Spec R , p ⊇ q. Then we will use the following notation:
• The differential dimension of Spec R is called the differential dimension of R and is denoted by
dim R .
• The differential height of q is the differential dimension of the set
{
q′ ∈ Spec R: q′ ⊆ q}
and is denoted by ht q.
• The differential height of p over q is the differential dimension of the set
{
q′ ∈ Spec R: p ⊇ q′ ⊇ q}
and is denoted by ht p/q.
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{
q′ ∈ Spec R: p ⊇ q′ ⊇ q}
and is denoted by type p/q (and as we can see, coincides with μ(p,q)).
• A chain of differential ideals is a linearly ordered by inclusion subset C ⊆ Spec R . The differential
type of C is deﬁned as the differential type of a subset in Spec R .
Remark 4. It should be noted that, if 0 < type R < ∞, then dim R > 0.
Remark 5. We should mention other ways to deﬁne a dimension in the differential case. These di-
mensions are ordinal-valued. For a differentially ﬁnitely generated integer domain over a ﬁeld of
characteristic zero, one can deﬁne Morley rank, U -rank, Krull dimension via irreducible components,
and the Kolchin dimension polynomial. We refer the reader to [9] for an overview of facts and results
regarding these ranks and dimensions.
It was proven (see [9, Theorem 3.4]) that, for an irreducible differential algebraic variety V
(δ-closed set or closed set in the Kolchin topology),
U (V ) RM(V ) dimδ(V )ω · tdδ(V ),
where U , RM, dimδ denote U -rank, Morley rank, Krull dimension, respectively, and the latter one is
the ordinal-valued dimension obtained from the Kolchin polynomial.
We should note that although these notions are close to the Krull dimension obtained via μ (actu-
ally, the two Krull dimensions are the same), these ranks and dimensions measure the dimension of
the quotient ring by a prime differential ideal p of a differential polynomial ring. Since neither cate-
narity nor equidimensionality has been proved for a differential polynomial ring yet, these results say
nothing about the differential height (or codimension) of p. But the study of the differential height of
a prime differential ideal is one of the purposes of this paper (and is very important for the catenarity
problem).
The theorem proved by Johnson in [5, Theorem of §2, p. 208] is the core result on differential
Krull dimension. We need the particular case of this result when the ﬁnitely generated algebra under
consideration is a ring of differential polynomials.
Theorem 6. Let K be a differential ﬁeld of characteristic zero with m derivations. Then, for every n ∈ N,
type K{z1, . . . , zn} =m,
dim K{z1, . . . , zn} = n.
Proof. The ring of differential polynomials K{z1, . . . , zn} is a differentially ﬁnitely generated integral
domain over a ﬁeld K of characteristic zero. Moreover, since diff tr degK K{z1, . . . , zn} = n > 0, then,
by theorem of [5, p. 208], type K{z1, . . . , zn} =m and
dim K{z1, . . . , zn} = diff tr degK K{z1, . . . , zn} = n. 
Deﬁnition 7. For every prime p in R , the ﬁeld Rp/pRp will be called the residue ﬁeld of p and will
be denoted by k(p).
To study a ﬁber over a prime differential ideal via Theorem 6, we have to require that the residue
ﬁeld of the prime differential ideal has characteristic zero.
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has characteristic zero.
If R is standard, then, for every n 1, R{z1, . . . , zn} is also standard.
Corollary 9. Let R be a standard ring with m derivations. Then, for every prime differential ideal p of R, the
ﬁber over p for the contraction map has differential type m and dimension n.
Proof. Since the ﬁber over p is homeomorphic to Spec k(p), the claim follows from Theorem 6. 
Ritt algebras are common and the most important examples of standard rings. However, there are
standard rings that are not Ritt algebras.
Example 1. Let R be the following ordinary differential ring
Z(p){x, y}/
[
xp − py, ∂x− 1].
We claim that R is not the zero ring and, for all prime differential ideals of R , their contractions to
Z(p) are zero.
To prove the ﬁrst assertion, we consider Q ⊗Z(p) R . Hence, we have
Q ⊗Z(p) R = Q{x, y}/
[
∂x− 1, y − xp/p]= Q{x}/[∂x− 1].
In particular, we have just computed the ﬁber over the zero ideal. Since 0 ∈ Spec Q{x}/[∂x− 1], the
ﬁber is not empty. Therefore R is not the zero ring.
To prove the second assertion, we consider the ﬁber over the ideal pZ(p) that is Fp ⊗Z(p) R . Hence,
we have
Fp ⊗Z(p) R = Fp{x, y}/
[





Let J denote the smallest radical differential ideal of this ring. We will show that J is the whole ring.
Indeed, since xp = 0, x ∈ J . Since J is differential, 1 = ∂x ∈ J .
It should be noted that, if we are interested in the differential spectrum of a standard differential
ring R , then we can suppose that R is a Ritt algebra. Indeed, we can replace R by the ring Q ⊗Z R .
The differential spectrum of the latter ring coincides with the differential spectrum of the ring R . But
we do not intend to do this systematically because this is not convenient in applications.
Since differential rings of characteristic p usually have big spectra, the assertion of Theorem 6
might be wrong, as the following example shows.
Example 2. Let L = Fp(xn)n∈N be a purely transcendental extension of the ﬁnite ﬁeld Fp , the deriva-
tion ∂ is set to be zero. Then the ring of differential polynomials L{y} has inﬁnite differential type.
Indeed, for every subset X ⊆ N, we deﬁne I X to be the ideal generated by {ypk − xk | k ∈ X}. The
ideals I X are prime differential ideals. In N, one can ﬁnd a descending sequence of subsets Xk such
that Xk \ Xk+1 is countably inﬁnite. Thus, the family I Xk is a descending chain of prime differential
ideals. Since each set Xk \ Xk+1 is countably inﬁnite, we can ﬁnd a descending chain of sets Yk,n
such that Yk,n \ Yk,n+1 is countable. Then we have a descending chain of the corresponding prime
differential ideals IYk,n . For example, let Xk = {n · 2k | n ∈ N}. Then Xk \ Xk+1 = {(2m + 1) · 2k |m ∈ N}.
So, we can take Yk,n = {(2n+1 + 1) · 2k | n ∈ N}.
Repeating this procedure for each Yk1,k2 , we will get a sequence Yk1,k2,k3 , then Yk1,k2,k3,k4 , and
so on. Thus, for every natural n, we can produce a chain Yk1,...,kn of type at least n. Therefore, the
differential type of L{y} is inﬁnite.
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aR{z1, . . . , zn}, that is the set of differential polynomials with coeﬃcients in a.
Remark 10. Let S be a ring of ﬁnite Krull dimension, then we have the inequality [10, Theorem 2]
dim S + 1 dim S[x] 2 · dim S + 1.
The next lemma shows possible bounds for the differential type of R{z} in the spirit of the in-
equality in Remark 10.
Lemma 11. Let R be a standard differential ring of differential type t with m derivations. Then, for every n > 0,
we have
max(t,m) type R{z1, . . . , zn} t +m.
Proof. Since every chain in R extends to a chain in R{z1, . . . , zn}, then t  type R{z1, . . . , zn}. Fur-
thermore, there is a chain of differential type m by Corollary 9.
We will use the induction on t . Let C be the chain realizing dimension of R{z1, . . . , zn}. If t = 0,
then every decreasing chain in R has ﬁnite length. The contraction of C is a decreasing chain, hence,
has ﬁnite length. Let the contraction be q0 ⊂ · · · ⊂ qk . Then for every i, by Corollary 9, the set {p ∈ C |
p ∩ R = qi} has the type m at most. Therefore type C is not greater than m.
Let t > 0. Suppose that type R{z1, . . . , zn} > t+m. Then, by deﬁnition, there is an inﬁnite decreas-
ing chain {pi | i ∈ N} in R{z1, . . . , zn}, such that, for every i, μ(pi,pi+1) t +m. Let qi = pi ∩ R . Since
type R = t , by deﬁnition, there exists a natural number N such that μ(qi,qi+1) < t for every i > N .
By induction hypothesis applied to Rqi/qi+1Rqi , we have that, for every i > N ,
type{p ∈ C | qi+1 ⊂ p ∩ R ⊂ qi} < t +m.
Therefore type pi/pi+1 < t +m, a contradiction. 
Corollary 12. Let R be a standard differential rings of differential type t with m derivations and n is a positive
integer. Then
type R{z1, . . . , zn} type R{z1, . . . , zn+1}.
Proof. By Lemma 11, we have m type R{z1, . . . , zn}. Furthermore, the same lemma implies that
type R{z1, . . . , zn+1}max
(
type R{z1, . . . , zn},m
)
= type R{z1, . . . , zn}. 
Deﬁnition 13. Let p be a prime differential ideal of R{z1, . . . , zn} and q be a prime differential ideal
in R . We call p a differential upper to q if and only if p ∩ R = q and p = q{z1, . . . , zn}. Otherwise, if
p = q{z1, . . . , zn}, then p is called an extended prime differential ideal.
Corollary 14. Let R be a standard differential ring with m derivations. If p,q ∈ Spec R, p ⊂ q and
type q/p = t. Then, for any q′ upper to q in R{z1, . . . , zn}, we have type q′/p{z1, . . . , zn} t +m.
Proof. Since the ring Rq/pRq has differential type t , the result follows from Lemma 11. 
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max(t,m). Then
(a) n dim R{z1, . . . , zn} if t <m;
(b) n + dim R  dim R{z1, . . . , zn} if t =m;
(c) dim R  dim R{z1, . . . , zn} if t >m.
Proof. In the case of dim R = ∞ the last two assertions are trivial, since every chain in R can be
extended to R{z1, . . . , zn}. The case of t <m is straightforwardly deduced from Corollary 9.
Furthermore, let p0 ⊂ · · · ⊂ pd be a chain realizing the differential dimension of R . Then, by Corol-
lary 9, there is a chain
p0{z1, . . . , zn} ⊂ · · · ⊂ pd{z1, . . . , zn} ⊂ q1 ⊂ · · · ⊂ qn,
where all qi are uppers to pd . If t =m, this chain has dimension at least d + n = dim R + n. In the
last case, the inequality holds since every chain in R can be extended to R{z1, . . . , zn} (the type of
q1 ⊂ · · · ⊂ qn less then type R{z1, . . . , zn} = t , so the chain has dimension zero). 
There is no reason for dimension to be bounded above in general, but in special cases upper bound
exists.
Lemma 16. Let R be a standard differential ring of differential type t with m derivations. Then
1. n dim R{z1, . . . , zn} n · (dim R + 1) if t = 0;
2. 1 dim R{z1, . . . , zn} dim R if type R{z1, . . . , zn} = t +m and t > 0.
Proof. 1. By Lemma 11, the differential type of R{z1, . . . , zn} is m. By Corollary 9, the ﬁber over
every prime differential ideal has dimension n. Since the longest chain of prime differential ideals has
length dim R + 1, we have that dim R{z1, . . . , zn} n · (dim R + 1). And the left-hand side follows
Lemma 15.
2. The left-hand inequality is noted in Remark 4. Let p0 ⊂ · · · ⊂ pk be a chain of dimension k in
R{z1, . . . , zn}. For every i, by Corollary 14,
type(pi ∩ R)/(pi+1 ∩ R) is t.
Since t > 0, pi ∩ R are distinct. Therefore,
ht(pk ∩ R)/(p0 ∩ R) = k dim R. 
Deﬁnition 17. Let R be a differential ring of ﬁnite differential type t with m derivations. We will call
R a J-ring if, for every n > 0,
type R{z1, . . . , zn} = max(t,m),
and one of the following conditions holds:
1. dim R{z1, . . . , zn} = n if t <m;
2. dim R < ∞ and dim R{z1, . . . , zn} = n + dim R if t =m;
3. dim R < ∞ and dim R{z1, . . . , zn} = dim R if t >m.
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dimension of R{z1, . . . , zn}, i.e., the lower bound of the inequalities in Lemma 15 holds. This is a
differential analogue of Jaffard rings, that is, rings R with dim R[x1, . . . , xn] = dim R + n for every n,
i.e., the lower bound of the inequality in Remark 10 holds. The class of Jaffard rings is relatively wide,
for example, ﬁnite dimensional Noetherian rings are Jaffard. Our goal is to establish similar results for
the class of J-rings.
Lemma 18. Let R be a differential ring of ﬁnite differential type t and p be a prime differential ideal in R. If
ht p = ∞, then, for every integer n 0, there exists a prime differential ideal pn ⊂ p such that ht pn = n.
Proof. Suppose that the contrary holds. Obviously, if there is a prime differential ideal q with
ht q = n, then, for every k  n, there is a prime differential ideal q with ht q = k. Now, we may
suppose that there exists k such that our claim is false for k, then, for every prime differential ideal
q ⊂ p such that ht q k, ht q = ∞.
Let q be a prime differential ideal of inﬁnite height in R . We will ﬁnd a prime differential ideal q′
in R such that type q/q′ = t and ht q′ = ∞. Since ht q = ∞, there is a chain
pk+1 ⊂ · · · ⊂ p0 ⊂ q
such that type pi/pi+1 = t . Since ht p1  k, ht p1 = ∞. Also t = type p0/p1  type q/p1  t ,
therefore q′ = p1 is the required ideal.
Let q0 = p. Applying the procedure above to qi and denoting qi+1 = q′i , we will obtain the chain
p = q0 ⊃ q1 ⊃ q2 ⊃ · · · such that type qi/qi+1 = t . Hence, we have type R > t , a contradiction. 
The next two lemmas are quite similar, the only difference arises from the deﬁnition of J-rings.
Namely, the case of differential rings with differential type less than the number of derivations is
slightly different from another ones; the ﬁniteness of the differential dimension is not assumed.
Lemma 19. Let R be a differential ring of ﬁnite differential type t <m. If R is not a J-ring, then, for at least one
pair of differential prime ideals p ⊂ m, Rm/pRm is not a J-ring.
Proof. Suppose that the conditions of Deﬁnition 17 do not hold for a natural number n > 0. If
type R{z1, . . . , zn} > max(t,m), then let q1 ⊂ q2 be prime differential ideals in R{z1, . . . , zn} such
that type q2/q1 = type R{z1, . . . , zn}. Then q1 ∩ R ⊂ q2 ∩ R is the required pair.
Now, suppose that type R{z1, . . . , zn} = m = max(t,m). Since t < m, we only need to show that
the ﬁrst condition of Deﬁnition 17 does not hold. Consider a chain q1 ⊂ · · · ⊂ qr in R{z1, . . . , zn} such
that r = dim R{z1, . . . , zn} if dim R{z1, . . . , zn} < ∞, or r = n + 1 otherwise. In both cases, we have
r > n. Then, obviously, our assertion holds for q1 ∩ R ⊂ qr ∩ R . 
Lemma 20. Let R be a differential ring of ﬁnite differential type t m. Suppose that the ring R satisﬁes the
following property: if type R{z1, . . . , zn} = t for every n, then dim R < ∞. If R is not a J-ring, then, for at
least one pair of differential prime ideals p ⊂ m, Rm/pRm is not a J-ring.
Proof. Suppose that the condition on type of Deﬁnition 17 does not hold. Namely, there exists a
natural number n > 0 such that type R{z1, . . . , zn} > t = max(t,m). Let q1 ⊂ q2 be prime differential
ideals in R{z1, . . . , zn} such that type q2/q1 = type R{z1, . . . , zn}. Then q1∩R ⊂ q2∩R is the required
pair.
Now, suppose that type R{z1, . . . , zn} = t for every n. Since t m, we should contradict to the sec-
ond and the third conditions of Deﬁnition 17. Under the hypothesis of the proposition, dim R < ∞.
Let n be a natural number such that the conditions of Deﬁnition 17 do not hold for n. There are two
cases, either dim R{z1, . . . , zn} is ﬁnite or not. If dim R{z1, . . . , zn} = ∞, there is a chain
q1 ⊂ · · · ⊂ qr with r = dim R + n + 1.
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zn} > dim R . In these cases, we consider a chain q1 ⊂ · · · ⊂ qr in R{z1, . . . , zn} such that r =
dim R{z1, . . . , zn}. In all cases, we see that q1 ∩ R ⊂ qr ∩ R is the desired pair of prime differen-
tial ideals of R . 
Since we are mostly dealing with ordinary differential rings in the rest of the paper, the following
lemma will be very useful.
Lemma 21. Let K be an ordinary differential ﬁeld of characteristic zero. Then, for every nonzero prime differ-
ential ideal p of K{z},
ht p = 1.




Proof. By Proposition 3 of [4, Chapter III, Section 2], we obtain the ﬁrst assertion. Since the algebra
K {z}/p is differentially algebraic over K , the differential type of this quotient is 0 by Theorem in
Section 2 of [5]. Hence, all descending chains of prime differential ideals of K {z}/p are ﬁnite. 
Remark 22. By Ritt–Raudenbush’s basis theorem [11, Chapter II, Section 4, Theorem 1], all ascending
chains in K{z1, . . . , zn} have ﬁnite length if K has characteristic zero, therefore, an inﬁnite chain has
to be descending.
3. Special Chain Theorem
In this section, we prove our main result, that is, Theorem 31. As an immediate corollary, we
obtain that all ordinary standard Jaffard rings are J-rings.
3.1. Auxiliary lemmas
Lemma 23. Let R be an ordinary standard differential ring with the condition type R{z} = 1. Let q′ ⊂ q be
prime differential ideals in R such that type q/q′ = 0, p′ ⊆ p be prime differential ideals in R{z} of ﬁnite
differential height such that p′ ∩ R = q′ and p is a differential upper to q. If ht p = ht p′ + 1, then ht p =
ht q{z} + 1.
Proof. The inequality ht p ht q{z} + 1 follows from Theorem 6.
Since there is a chain C between p′ and p of differential type 1 and all descending chains between
q′ and q have a ﬁnite length, there is a prime differential ideal t in R between q′ and q such that
there are inﬁnite number of elements of C lying over t. By Remark 22, the chain over t has differential
type 1, and, consequently, differential dimension 1, so ht p/t{z} = 1. Therefore, ht t{z} ht p − 1.






by Lemma 21, we have p′ ⊂ t{z} and, therefore, ht p′  ht t{z}.
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ht p = ht p′ + 1 ht t{z} + 1 ht q{z} + 1. 
Lemma 24. Let R be an ordinary standard differential ring of ﬁnite differential type, n 1 be an integer such
that type R{z1, . . . , zn} = type R, and p be a prime differential ideal in R{z1, . . . , zn}. If ht p < ∞, then
ht(p ∩ R) < ∞.
Proof. Since every chain of prime differential ideals in R can be extended to a chain in R{z1, . . . , zn}
of the same differential type, the differential height of the contraction of p cannot be inﬁnite. 
Corollary 25. Let R be a standard differential ring with one derivation such that type R  1. Let n 1 be an
integer such that type R{z1, . . . , zn} = 1. If a prime differential ideal p in R{z1, . . . , zn} has ﬁnite differential
height, then, for every 0 < k < n, p ∩ R{z1, . . . , zk} also has ﬁnite differential height.
Proof. By Corollary 12, we have type R{z1, . . . , zk} = 1 for k > 0. Therefore, the result follows from
Lemma 24. 
Lemma 26. Let R be an ordinary standard differential ring such that
type R  1 and type R{z} = 1.
Let q be a prime differential ideal in R and p be a differential upper to q in R{z}. If ht p < ∞, then
ht p = ht q{z} + 1.
Furthermore, if, for some natural number n > 0, type R{z1, . . . , zn} = 1 and p{z2, . . . , zn} has ﬁnite differ-
ential height, then
ht p{z2, . . . , zn} = ht q{z1, . . . , zn} + 1.
Proof. The inequality ht p ht q{z} + 1 follows from Lemma 21. So, we will show the inverse one.
Since ht p/q{z} = 1, then m = ht p 1. Let p1 be a prime differential ideal with ht p1 =m − 1
in a chain realizing differential height of p and q1 = p1 ∩ R . If type R = 0, then type q/q1 = 0 and
we are done by Lemma 23. So, we may suppose that type R = 1.
We use the induction by ht q. If ht q = 0, then type q/q1 = 0 and we are done by Lemma 23.
If ht q/q1  1, then
ht p = ht p1 + 1 ht q1{z} + 2 ht q{z} + 1.
As for the second assertion, we have
p{z2, . . . , zn} ∩ R{z2, . . . , zn} = q{z2, . . . , zn}
and, after considering the ring R{z2, . . . , zn} as R , p{z2, . . . , zn} as p, and q{z2, . . . , zn} as q, the result
follows from the ﬁrst part of the lemma. 
Proposition 27. Let R be an ordinary standard differential ring such that type R  1, n  1 be an integer
number such that type R{z1, . . . , zn} = 1, and p be a differential upper to q in R{z1, . . . , zn}. If p has a ﬁnite
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ht p = ht q{z1, . . . , zn} + ht p/q{z1, . . . , zn}.
Proof. The inequality ht p  ht q{z1, . . . , zn} + ht p/q{z1, . . . , zn} is clear from the deﬁnition of
differential height. So, we must show the inverse one.
We induce by n. The case n = 1 immediately follows from Lemma 26. Therefore, we assume that
the result holds for all k < n. Set p1 = p ∩ R{z1}, then p1 has a ﬁnite differential height by Corol-
lary 25. If p1 = q{z1}, then, representing R{z1, . . . , zn} as R{z1}{z2, . . . , zn}, we derive the result from
the induction hypothesis.
If q{z1} ⊂ p1, then Lemma 26 implies that
ht p1{z2, . . . , zn} = ht q{z1, . . . , zn} + 1
and if p = p1{z2, . . . , zn}, then we are done. Now, we may suppose that p ⊃ p1{z2, . . . , zn}. Therefore,
the induction assumption implies that
ht p = ht p1{z2, . . . , zn} + ht p/p1{z2, . . . , zn}
= 1+ ht q{z1, . . . , zn} + ht p/p1{z2, . . . , zn}.
Since q{z1} ⊂ p1, ht p1/q{z1} = 1 by Lemma 21. Also, since every prime differential ideal q′ in R{z1}
can be extended to the prime differential ideal q′{z2, . . . , zn} in R{z1, . . . , zn}, every chain between
q{z1} and p1 can be extended to a chain between q{z1, . . . , zn} and p1{z2, . . . , zn}. Therefore, we have
1+ ht p/p1{z2, . . . , zn} ht p/q{z1, . . . , zn}.
The latter inequality implies that
ht p ht q{z1, . . . , zn} + ht p/q{z1, . . . , zn}. 
Lemma 28. Let R be an ordinary standard differential ring satisfying the condition type R{z1, . . . , zn} =
t  2. Let q′ ⊂ q be prime differential ideals in R such that type q/q′ < t, p′ ⊆ p be prime differential ideals
in R{z1, . . . , zn} of ﬁnite differential height such that p′ ∩ R = q′ and p is a differential upper to q. If ht p =
ht p′ + 1, then ht p = ht q{z1, . . . , zn}.
Proof. The inequality ht p  ht q{z1, . . . , zn} follows from the deﬁnition of differential height, we
must show the inverse one.
By Corollary 14 and the assumption on type q/q′ , we have type q/q′ = t − 1. There is the only
way to get a chain of differential type t between p and p′ . Namely, there is a chain
C = {q′ ⊂ · · · ⊂ qα ⊂ · · · ⊂ q0 ⊂ q
}
such that, for every qα ∈ C , there exists pα being a differential upper to qα such that pα ⊂
qα−1{z1, . . . , zn} for every α. Therefore, ht p = ht q0{z1, . . . , zn} ht q{z1, . . . , zn}. 
Lemma 29. Let R be an ordinary standard differential ring with the condition type R = t > 1. Let q be a
prime differential ideal in R and p be an upper to q in R{z} of ﬁnite differential height. Then
ht p = ht q{z},
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ht p{z2, . . . , zn} = ht q{z1, . . . , zn}.
Proof. The inequality ht p ht q{z} is clear from deﬁnition. If ht p = 0, we are done. So, we may
suppose that ht p 1. Let p′ be a prime differential ideal in a chain realizing the differential height
of p with ht p′ = ht p − 1 and let q′ = p′ ∩ R . From Corollary 14, it follows that
type R{z} − 1 type q/q′  type R  type R{z}.
The case of type q/q′ = type R{z} − 1 follows from Lemma 28.
In the second case, by Lemma 24, we have that ht q < ∞ and ht q′ < ht q. We will use the
induction by ht q. In the case of ht q = 1, we have ht p′ = ht q′{z} by the ﬁrst part of the proof.
Otherwise, by the induction hypothesis, we have ht p′ = ht q′{z}. Therefore,
ht p = ht p′ + 1 = ht q′{z} + 1 ht q{z}.
Since
q{z2, . . . , zn} = R{z2, . . . , zn} ∩ p{z2, . . . , zn},
then, after considering R{z1, . . . , zn} as R{z2, . . . , zn}{z1}, the second assertion follows from the ﬁrst
one. 
Lemma 30. Let R be an ordinary standard differential ring satisfying the condition type R = t  1. Let p be
a differential prime of ﬁnite differential height in R{z1, . . . , zn} and p ∩ R = q. Then, for every positive integer
n such that type R{z1, . . . , zn} 2, we have ht p = ht q{z1, . . . , zn}.
Proof. If p = q{z1, . . . , zn} our claim is trivial.
Since type R{z1, . . . , zn}  2, the case of type R = 1 follows from Lemma 28. We may suppose
that type R > 1, then, by Lemma 11,
type R{z1, . . . , zn} type R > 1 for every n.
We use the induction by n. The base follows from Lemma 29. Therefore, we assume that the
result holds for all k < n. Set p1 = p∩ R{z1, . . . , zn−1}. By Lemma 29, ht p1{zn} = ht p, so p1{zn} has
ﬁnite differential height. If p1{zn} = q{z1, . . . , zn}, then we are done. Otherwise, p1{zn} is an upper
to q{zn} because p1{zn} ∩ R{zn} = q{zn}. After regarding R{z1, . . . , zn} as R{zn}{z1, . . . , zn−1}, we have
ht p1{zn} = ht q{z1, . . . , zn} by the induction hypothesis. 
3.2. The main theorem and its corollaries
Theorem 31 (Special Chain Theorem). Let R be an ordinary standard differential ring of ﬁnite differential type,
then, for every positive integer n, the following holds
ht p = ht q{z1, . . . , zn} + ht p/q{z1, . . . , zn},
where p ∈ Spec R{z1, . . . , zn} and p ∩ R = q.
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from Lemma 30.
If ht p = ∞, then it follows from Lemma 18 that, for every i, there is pi ⊂ p with ht pi = i. By
the case of ﬁnite differential height, we have ht(pi ∩ R){z1, . . . , zn} i − n. Therefore, ht q{z1, . . . ,
zn} = ∞. 
This differential analogue of Jaffard’s theorem (see [7, 2.3] and [8, Theorem 1]) will be our main
tool for the investigation of the differential dimension of certain classes of rings.
Jaffard proved in [6, Théorème 2] that the sequence
dn = dim R[x1, . . . , xn] − dim R[x1, . . . , xn−1]
is eventually constant and the eventual value dR is at most dim R + 1. Therefore, there is an equality
dim R[x1, . . . , xn] = dR · n + C for some constant C and suﬃciently large n-th.
We will use the following notation
R{z1, . . . , zn}m = R
[
z1, . . . , ∂
mz1, . . . , zn, . . . , ∂
mzn
]
and qm = q ∩ R{z1, . . . , zn}m for an ideal q ⊂ R{z1, . . . , zn}.
Let R be an ordinary standard differential ring of ﬁnite Krull dimension, then type R = 0 and, by
Lemma 11, type R{z1, . . . , zn} = 1 for every n. Also, by Lemma 16, dim R{z1, . . . , zn} < ∞.
Theorem 32. Let R be an ordinary standard differential ring of ﬁnite Krull dimension. If, for some n, we have
dim R{z1, . . . , zn} > n, then dR > 1.
Proof. Let m be a prime differential ideal in R{z1, . . . , zn} and q = m ∩ R such that ht m =
dim R{z1, . . . , zn} > n. By Theorem 31, we have
ht m = ht q{z1, . . . , zn} + ht m/q{z1, . . . , zn}.
Since ht m/q{z1, . . . , zn}  n by Corollary 9, ht q{z1, . . . , zn} > 0. A chain realizing the differential
height of q{z1, . . . , zn} cannot consist of extended ideals from R only since type R = 0 by the hy-
pothesis of the theorem. Therefore, there is a prime differential ideal p in R{z1, . . . , zn} such that
p ⊂ q{z1, . . . , zn} and p is an upper to the contraction t = p ∩ R . So, we have the inclusion
pm ⊂ q
[
z1, . . . , ∂




Furthermore, since the Krull dimension of a polynomial ring over a ﬁeld is equal to the number of
indeterminates, namely, n · (m + 1), there is a chain of n · (m + 1) primes in R{z1, . . . , zn}m over q.
Therefore:
htpm + n · (m + 1) < dim R{z1, . . . , zn}m = dR · n · (m + 1) + C .
Assume that dR = 1, then htpm < C for all m.
There is an inﬁnite chain p = p0 ⊃ p1 ⊃ · · · ⊃ t{z1, . . . , zn} of differential type 1. Let f i be polyno-
mials such that f i ∈ pi−1 and f i /∈ pi . Suppose k j is the minimal integer such that
f i ∈ R{z1, . . . , zn}k j for all i  j.




htpk j > j.
The last inequality shows that htpm cannot be bounded from above, and, thus, contradicts the as-
sumption of dR = 1. 
Corollary 33. If R is a Jaffard ring that is ordinary and standard, then R is a J-ring.
Proof. By deﬁnition, R has ﬁnite Krull dimension and dn = 1 for every n. 
Corollary 34. If R is a Noetherian standard differential ring with one derivation, then R is a J-ring.
Proof. Since a Noetherian local ring has ﬁnite Krull dimension [12, Corollary 11.11], all chains in R
have ﬁnite length. Hence, type R = 0.
Suppose that our assumption is wrong. Since type R = 0 and R is ordinary, by Lemma 19, Rm is
not a J-ring for some m. But Rm is local Noetherian and, hence, Jaffard by [8, Corollary 2]. 
Remark 35. In the case of type R < type R{z1, . . . , zn}, one should not expect a “good” behavior
of differential height. For example, let R be the Nagata example [13, A1, p. 203, Example 1] of a
Noetherian ring with dim R = ∞ and ∂ be the zero derivation. We have type R = 0, and there are
prime ideals such that ht q = k for every k. However, for every prime ideal q in R , ht q{z} = 0.
Furthermore, we expect that there exists a ring with ht p = ∞ and ht p{z} = 0.
Remark 36. We end this section with a short overview of obstacles in the way of proving Theorem 31
for many derivations. For simplicity, we restrain ourselves to the case of the only indeterminate, R{z}.
By Lemma 21, every inﬁnite chain in k{z} tends to zero in the ordinary case. On the other hand,
in the partial case, this is false, e.g., C = {[δ1z, δ(n)2 z]} tends to [δ1z]. Therefore, there could be the
following diﬃculty. Let R be a standard differential ring of type 1 and dimension 1 with 2 derivations.
Let T be a chain {ti}∞i=0 in R of differential type 1 with the property: for every i, there exist qi ⊂ pi
uppers to ti in R{z}, such that type of pi over qi is 1 in the ﬁber ti , i.e. type pik(ti)/qik(ti) = 1.
Suppose that these ideals are “gluing” over T , namely, there are inclusions
p0 ⊃ q0 ⊃ · · · ⊃ pi ⊃ qi ⊃ · · · .
So, this “glued” chain has type 2, hence, if there will be no other “glued” chains, we will have
ht p0 = 2 and ht t{z} = 0.
Our proof, combinatorial by nature, would not work in this case. Likely, more information on chains
in k{z} is needed to deal with this problem.
4. Examples of J-rings
In this section, we are going to establish some well-known classes of rings included in the class of
J-rings.
4.1. -arithmetical rings
Our ﬁrst class is an analogue of arithmetical rings. Arithmetical rings are important since every
Prüfer domain is arithmetical.
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is, for every ﬁnitely generated ideal a, the image of a in Ap is principal for every prime ideal p in A.
Arithmetical rings are Jaffard [14, Theorem 4].
Deﬁnition 38. A -arithmetical ring is a differential ring A such that, for every ﬁnitely generated
ideal a, aAp is a principle ideal for every prime differential ideal p.
Remark 39. It is well known that an integer domain is arithmetical if and only if it is a Prüfer domain
[15, Chapter 1, Section 6, Theorem 62]. Consider a local -arithmetical domain, such that the maximal
ideal is differential. Then this ring is a local Prüfer domain, i.e. a valuation domain.
The following example shows that there are -arithmetical rings that are not arithmetical.
Example 3. Let O be the Krull example of an integrally closed one-dimensional local domain not
being a valuation ring [16, p. 670f]. We will recall the construction. Let K be an algebraically closed
ﬁeld, x and y are indeterminates. The ring O consists of the rational functions r(x, y) such that x does
not divide denominator of r(x, y) and r(0, y) ∈ K . Let y and elements of K be constant and x′ = 1.
The domain O is local and is not a valuation ring, so, O is not a Prüfer domain. The only prime
differential ideal is (0) and in the ﬁeld of fractions of O every ideal is principle.
Proposition 40. Let p be a prime differential ideal of a -arithmetical domain O . If q is a differential upper to
zero, then q  p{z1, . . . , zn}.
Proof. We will follow Seidenberg’s proof [10, Theorem 4].
We may assume that O is local and p is the maximal ideal. Then O is a valuation domain. Let
f ∈ q, then f = c · g , where c ∈ p and g has at least one coeﬃcient equal to 1. Therefore, g ∈ q and
g /∈ p{z1, . . . , zn}. 
4.2. Derivations with special properties
Let us recall that the characteristic of a ring R is the natural number n such that nZ is the kernel
of the unique ring homomorphism from Z to R .
Lemma 41. Let O be a differential integral domain of characteristic zero, p is a differential upper to zero in
O {z1, . . . , zn}. If there is a nonzero polynomial f ∈ p such that its coeﬃcients are constant for some ∂ ∈ ,
then there is f ∗ ∈ p such that f ∗ has relatively prime coeﬃcients in Z.
Proof. Every nonzero polynomial f with constant coeﬃcients can be presented as the following sum
a1 f1 + · · · + an fn,
where ai ∈ O are constant and f i are polynomials with integer coeﬃcients. Let f ∈ p be taken such
that n is minimal among all such numbers. If n = 1, then f = af1 ∈ p. Since p is prime and p∩ O = 0,
f1 ∈ p.
Suppose that n > 1, then
∂ f = a1∂ f1 + · · · + an∂ fn.
Set g to be the following polynomial
f1∂ f − ∂ f1 f = a2g2 + · · · + angn,
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follows that g = 0. Let L be the ﬁeld of fractions of O , then the fraction f1/ f is a ∂-constant in
L〈y1, . . . , yn〉. Therefore, f1/ f belongs to the subﬁeld of ∂-constants of L [11, Chapter II, Section 9,
Corollary 5 of Theorem 4]. In particular, af1 = bf for some elements a,b ∈ O . Thus, af1 ∈ p and again
f1 ∈ p.
So, we have a polynomial f with integral coeﬃcients in p. We may suppose that coeﬃcients of f
are coprime because f = df ′ , where d is the greatest common divisor of the coeﬃcients. Since p is
an upper to zero, d /∈ p. Thus, f ′ ∈ p. 
Remark 42. If the ring O is a Ritt algebra in the previous theorem, then all coeﬃcients of f ∗ are
invertible.
Deﬁnition 43. We will say that an element a of a differential ring R is ∂-nilpotent if there exists a
natural number n such that ∂n(a) = 0. If every element of R is a ∂-nilpotent, then we call ∂ a locally
nilpotent derivation.
Lemma 44. Let (O ,m) be a differential local integral domain of characteristic zero and p be an upper to zero
in Spec O {z1, . . . , zn}. If there is f ∈ p with ∂-nilpotent coeﬃcients for some ∂ ∈ , then there exists h ∈ p
having relatively prime coeﬃcients in Z.
Proof. If a ∈ O is ∂-nilpotent then we deﬁne d(a) to be the maximal n ∈ N such that ∂n(a) = 0.
Every polynomial f with ∂-nilpotent coeﬃcients can be presented as the following sum
a1 f1 + · · · + an fn,
where ai ∈ O are ∂-nilpotent, d(a1) d(a2) · · · d(an), and all f i have integer coeﬃcients. For such
representation of f , we set d( f ) = d(a1) and deﬁne n( f ) to be the maximal number i such that
d(ai) = d( f ).
Let f be a nonzero polynomial of p with ∂-nilpotent coeﬃcients and its representation
a1 f1 + · · · + an fn
be chosen such that the pair (d( f ),n( f )) is lexicographically minimal. If d( f ) = 0, then the lemma
follows from Lemma 41. Suppose that d( f ) > 0. Let g be as follows
g = f1∂ f − ∂ f1 f = a2g2 + · · · + angn + ∂(a1)h1 + · · · + ∂(an)hn,
where gi = ∂ f i f1 − ∂ f1 f i , hi = f1 f i . Then g has ∂-nilpotent coeﬃcients and this representation for g
is less than the initial representation of f . Thus, g = 0. So, we have f1∂ f = ∂ f1 f . As in the proof of
Lemma 41, we derive that af1 ∈ p for some a ∈ O . And since p ∩ O = 0, f1 ∈ p. 
Lemma 45. Let (O ,m) be a differential local integral domain of characteristic zero, p is a differential upper
to zero in O {z1, . . . , zn}. If there is f ∈ p such that all coeﬃcients are ∂-nilpotent for some ∂ ∈ , then p 
m{z1, . . . , zn}.
Proof. By Lemma 44, there is f ∗ ∈ p with coeﬃcients in Z. If m ∩ Z = 0 then O ⊃ Q and, by
Remark 42, f ∗ /∈ m{z1, . . . , zn}. Otherwise, since O is local, Z(p) ⊂ O for some prime p. There-
fore, since coeﬃcients are relatively prime, at least one coeﬃcient is not divisible by p. Thus,
f ∗ /∈ m{z1, . . . , zn}. 
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We will say that a differential ring R satisﬁes the property S3, if, for every natural number n > 0,
for every differential prime ideals q1 ⊂ q2 in R , there is no prime differential ideal p in R{z1, . . . , zn}
such that p is an upper to q1 and p ⊂ q2{z1, . . . , zn}. This property has a sense like being a Stable
Strong S-Domain for usual polynomial extensions.
Remark 46. Let q be a differential prime ideal in R . If S3 holds, then every chain ending at
q{z1, . . . , zn} consists of extended primes only. Therefore, for every chain C that ends at an extended
prime, type C = type C ∩ R .
Theorem 47. Let R be an ordinary standard differential ring of ﬁnite differential type that satisﬁes S3. Suppose
that either type R = 0 or dim R < ∞, then R is a J-ring.





 type R{z1, . . . , zn} type R + 1 < ∞.
First, we will show that type R{z1, . . . , zn} = max(type R,1).
If, for some prime differential ideal q in R , ht q{z1, . . . , zn} > 0, then Remark 46, applied to the
chain realizing differential height of q, shows that type R  type R{z1, . . . , zn}. Therefore, type R =
type R{z1, . . . , zn}.
In the second case, all extended primes have differential height zero. Suppose that type R =
type R{z1, . . . , zn} then, by Remark 4, there exists q ⊂ R of nonzero differential height, so
ht q{z1, . . . , zn} > 0. Hence type R < type R{z1, . . . , zn}. By Remark 4, there exists p ⊂ R{z1, . . . , zn}
of nonzero differential height. Applying Theorem 31 to p, we obtain
0 < ht p = ht(p ∩ R){z1, . . . , zn} + ht p/(p ∩ R){z1, . . . , zn}
= ht p/(p ∩ R){z1, . . . , zn}.
On the other hand, Theorem 6 implies that type p/p ∩ R{z1, . . . , zn} = 1. Therefore, type R{z1, . . . ,
zn} = 1 = max(type R,1).
Now, we will prove the assertion about the differential dimension. By Theorem 31, for every prime
differential ideal p in R{z1, . . . , zn},
ht p = ht(p ∩ R){z1, . . . , zn} + ht p/(p ∩ R){z1, . . . , zn}.
We will treat all three cases for type R separately.
If type R = 0, then type R{z1, . . . , zn} = 1 and the property S3 implies that, for every extended
prime, ht q{z1, . . . , zn} = 0. Therefore,
ht p = ht p/(p ∩ R){z1, . . . , zn} n.
The rest follows from Lemma 15, thus dim R{z1, . . . , zn} = n.
If type R  1, S3 implies that
ht(p ∩ R){z1, . . . , zn} = ht p ∩ R.
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Lemma 15, hence we have dim R{z1, . . . , zn} = dim R + n. Otherwise, if type R > 1, then
ht p/(p ∩ R){z1, . . . , zn} = 0 for every p in R{z1, . . . , zn}.
Therefore, we have
ht p = ht(p ∩ R){z1, . . . , zn} dim R.
The inverse inequality holds by Lemma 15 again, and dim R{z1, . . . , zn} = dim R . 
Remark 48. Since valuation domains of ﬁnite Krull dimension are Jaffard ([8, Corollary 2], [14, Theo-
rem 4]), we can use Corollary 33 to prove that all -arithmetical rings of ﬁnite Krull dimension are
J-rings. However, we are able to prove this without the assumption to have ﬁnite Krull dimension.
Corollary 49. Let R be an ordinary standard differential ring of ﬁnite differential type that has either differen-
tial type zero or ﬁnite differential dimension. If R is -arithmetical then R is a J-ring.
Proof. Let n > 0 be an integer, q′ ⊂ q prime differential ideals in R and p be a differential upper to q′
in R{z1, . . . , zn}. An application of Proposition 40 to R/q′ shows that R satisﬁes S3. By the previous
theorem, R is J-ring. 
Corollary 50. Let R be an ordinary standard differential ring of ﬁnite differential type with locally nilpotent
derivation that has either differential type zero or ﬁnite differential dimension. Then R is a J-ring.
Proof. Let n > 0 be an integer, q′ ⊂ q prime differential ideals in R and p be a differential upper
to q′ in R{z1, . . . , zn}. Suppose that p ⊂ q{z1, . . . , zn}. Let f ∈ pRq/q′Rq , then c · f has ∂-nilpotent
coeﬃcients, where c is the product of coeﬃcients denominators of f . Since Rq/q′Rq is a local integral
domain, we have a contradiction with Lemma 45. Therefore, R satisﬁes S3 and, consequently, is a J-
ring. 
We have shown that chains of prime differential ideals in polynomial extensions are affected by
both the commutative structure of the base ring (Jaffard rings and -arithmetical rings) and by prop-
erties of the derivation (locally nilpotent derivations). This implies that standard rings that are not
J-rings have to be rare. Namely, an example of a standard ordinary differential ring of ﬁnite Krull di-
mension that is not a J-ring should be a non-Jaffard ring that admits non-trivial derivation. Moreover,
an example of a standard ordinary ring such that max(type R,1) < type R{z} has to be even more
complicated.
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